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Network analysis of filter cake pore structure by high
resolution X-ray microtomography
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Abstract

Continuous filtration of fine particles involves filter cake formation and removal of surface moisture by drawing air through the pore
structure network. Conventional network theory can be used to study the phenomena of flow through a porous structure by treating the pores
as discrete volumes and connecting these with pore throats as resistances of zero volume. In this regard, analysis of the pore connectivity
in a packed bed of particles should allow for a detailed description of fluid flow and transport in the filter cake structure. As the resolution
and the techniques for 3-D geometric analysis have advanced in the last decade, it is now possible to specify in detail the pore structure in
three-dimensional digital space using high-resolution X-ray microtomography to resolve features with micrometer resolution. This paper
presents preliminary experimental findings of a filter cake pore structure in 3-D using X-ray microtomographic techniques. ©2000 Elsevier
Science S.A. All rights reserved.

Keywords:Filter cake; Pore structure; X-ray microtomography

1. Introduction

Description of heterogeneous structures based on geomet-
rical considerations is of importance in many fields of ap-
plied science and technology, including fluid flow in porous
media such as occurs during fine particle filtration. Contin-
uous filtration of fine particles involves filter cake formation
and removal of surface moisture by drawing air through the
porous structure. The physical laws that govern the equilib-
rium state and the flow of fluids through the filter cake, are
simple and well known. In practice, however, only the global
physical properties of the system are known at best. Unfor-
tunately, because of the complexity of the pore geometry, it
is difficult to predict macroscopic (effective) properties from
microscopic (pore level) properties. In general, there is no
linear or non-linear rule for the use of microscopic phys-
ical properties to predict the macroscopic scale properties.
In this regard, it is essential to develop appropriate experi-
mental techniques and theoretical models to describe in de-
tail the flow which occurs through a packed bed during fine
particle filtration.

Almost all theory related to transport phenomena in
porous media leads to macroscopic laws applicable to
systems whose dimensions are large compared with the
dimensions of the pores. These macroscopic pore structure
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parameters represent average behavior of a sample contain-
ing many pores. The important macroscopic pore structure
parameters important in filtration are porosity, permeabil-
ity, specific surface area, formation resistivity factor and
the breakthrough capillary pressure. A review of the defi-
nitions and measurement techniques for these macroscopic
parameters is given by Dullien [1]. Generally speaking, the
macroscopic quantity of interest is more or less influenced
by the microscopic properties of the pore structure and
is obtained by a spatial integration of the local field. The
overall pore fraction and pore size distribution are two of
the most important microscopic parameters which must be
used for model development to obtain fundamental rela-
tionships between pore structure and the effective transport
coefficients. Furthermore, conventional network theory can
be used to study the phenomena of flow through a porous
structure by treating pores as discrete volumes and connect-
ing these with pore throats as resistances of zero volume.
In this regard, network analysis of the 3-D connectivity and
pore geometry is necessary to determine the effective filter
cake transport properties.

Most recent methods being used to characterize the pore
microstructure and its interconnected network rely on the
microscopic observation of a series of thin sections or pol-
ished sections of the porous media (in our case filter cake).
These data sets are then used to reconstruct and to display the
three-dimensional image of the porous system with the help
of advanced computer graphic techniques. Complete analy-
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sis of the 3-D porous structure from serial sections is lim-
ited. As the resolution and the techniques for 3-D geometric
analysis have advanced in the last decade, it is now possible
to map in detail the pore structure in three-dimensional dig-
ital space using high-resolution X-ray microtomography to
resolve features with micrometer resolution. A detailed de-
scription of the interconnected pore structure based on the
concepts of ‘connectivity’, ‘percolation’, and ‘tortuosity’,
needs to be developed using 3-D X-ray microtomography in
order to establish fundamental relationships between com-
plex random pore structures and the corresponding effective
transport coefficients. This paper presents information on
the techniques, methodology, and preliminary experimental
findings for network analysis of a completely interconnected
porous filter cake using X-ray microtomography.

2. Filtration theory

2.1. Classical approach

Most of the derivation is based on the work of Happel
and Brenner [2]. The classical approach [3–5] for filtration
analysis is based on Darcy’s law, an empirical equation that
describes one-dimensional fluid flow through a uniform in-
compressible porous media. Knowledge of cake pore mi-
crostructure and its correlation to macroscopic cake proper-
ties is required to model the filtration from a fundamental
point of view. Darcy’s law is defined as

U = Q

A
= 1

A

dV

dt
= k1p

µ `
(1)

whereU is the fluid velocity,Q is the volume flow rate,V is
the volume of the fluid,k is the permeability,µ the viscosity
of the fluid,A the cross sectional area of the one dimensional
sample of length (or thickness of porous media)` and1p is
the pressure drop. In reality, for an actual filtration system,
Eq. (1) is too simple. To predict the flow of two phases (liquid
and air) through the media, it is necessary to consider the
capillary forces involved as well as the degree of saturation.
The total resistance of the bed (RT), which is equal to(`/k),
represents the sum of cake resistance (RC) and the medium
resistance (RM). Substituting in Eq. (1),

U = Q

A
= 1p

µ(RC + RM)
(2)

The value ofRM is usually considered as a constant and
not significant when compared withRC. This assumption
is not totally true because the value ofRM increases as the
medium blinds. The cake resistance can be replaced by:

RC = rWV

A
(3)

where r is the specific resistance,W is the weight of dry
solids formed by unit area of filtration, andV is the volume
of fluid. Replacing Eq. (3) in Eq. (2), then

U = Q

A
= 1

A

dV

dt
= 1p

µ[(rWV/A) + RM]
(4)

Eq. (4) can be integrated in order to permit correlation of
throughput over a finite time [3].

From review of the history in the development of fil-
tration theory, it is interesting to find that the most widely
accepted theories aimed at finding the numerical coefficient
in the Darcy equation are those based on the concept of
hydraulic radius. It has been found earlier that resistance to
flow through passages of various noncircular conduits could
be brought into agreement with that for circular pipes by
employing the hydraulic radius to characterize the respec-
tive cross sections. The hydraulic radius,rH, is defined as

rH = cross sectional area normal to flow

wetted perimeter
(5)

or

rH = volume filled with liquid

wetted surface
(6)

Blake [6] was apparently the first to realize that a packed
bed might be regarded as a single pipe with a very com-
plicated cross section, and that the interstitial volume could
be divided by the wetted packing area to obtain a hydraulic
radius. The numerical coefficient in the Darcy equation can
be calculated based on the concept that the pore space is
equivalent to a bundle of parallel capillaries with a common
hydraulic radius and with a cross-sectional shape represen-
tative of the average shape of a pore cross section. This de-
velopment led to what is now known as the Kozeny–Carman
equation [7,8]. It is assumed that the path of a streamline
through the pore space will be tortuous, with an average
length `e greater than the length of the bed`. Then, the
average velocity for viscous flow through any noncircular
capillary of hydraulic radiusrH and actual length̀e can be
written

ve = r2
H 1p

ko µ `e
(7)

whereko is related to the permeability and is equal to 2 for a
circular capillary, and the equation then becomes Poiseuille’s
law.By putting

ve = U

ε
(8)

and from Eq. (6)

rH = ε

Sv
(9)

whereSv is the particle surface per unit volume of bed (i.e.
the specific surface) andε is the fractional void volume.
Thus, we obtain

U = `

`e

ε3

ko µS2
v

1p
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Here, kk = (`e/`)ko is known as the Kozeny constant.
The ratio`e/` is called the tortuosity. Later, Carman sug-
gested that the time necessary for fluid to pass through a
tortuous track of length̀e is greater than if passed directly
through length̀ by an amount of̀ e/`. Hence we obtain the
Carman–Kozeny constant as

kck =
(

`e

`

)2

ko (11)

It has been determined experimentally thatkck≈5.0 [8].
The Kozeny equation may be expressed in terms of particle
size by relatingSv to the particle diameter. For spheres of
diameterd, Sv = 6(1 − ε)/d, then Eq. (10) becomes

U =
[

ε3 d2

36(1 − ε)2 kck

]
1p

µ `
(12)

Here, the expression in brackets is the Darcy constant as
shown in Eq. (1).

Generally, the Carman–Kozeny equation has been found
to work reasonably well for incompressible cakes over a nar-
row porosity range, [9] and cannot be used for compressible
cakes [3].

2.2. Capillary network model for filter cake

In order to gain a better understanding of the complex
transport phenomena that occur in filter cake, a study of
the effect of three-dimensional pore geometry on the effec-
tive transport properties of the porous media is necessary.
Of course, it is known that the agreement will be best if
the physical parameters are matched for both model simu-
lation and the actual porous structure. At present, the infor-
mation from the microscopic pore geometry analysis is not
detailed enough to provide an accurate prediction of trans-
port properties for the filter cake from model simulation.
Techniques and methodology for a detailed description of
the three-dimensional pore structure of a completely inter-
connected porous system is needed.

Capillary networks, one of the pore structure models, has
been used to mimic porous media. For capillary networks,
the pore structure is modeled by arrays of capillary tubes.
The pore structure of filter cake can be thought to consist
of an interconnected three-dimensional network of voids,
pores, or capillaries. This three-dimensional network usu-
ally has irregular geometry, with different shape and size
of capillary segments distributed over the network in irreg-
ular fashion. In this regard, it is logical to model capillary
pressure curves and other transport properties of filter cake
with the help of network models of the pore structure. For
example, as shown in Fig. 1, a network model is used to
represent the 2-D or 3-D pore structure of a porous medium.
The top left-handside of Fig. 1 shows the two-dimensional
view of pores whose intersections, the nodes, are numbered.
The symbolic graph of this pore structure can be described
in the form of a network of bonds and nodes as shown in

Fig. 1. Symbolic representation of the interconnections in a 2-D [1] and
3-D porous medium.

the top right-handside of Fig. 1. Capillary network models
can be used for the prediction of relative permeability and
capillary pressure [10,11].

It is intended to predict the effective transport parameters
from microscopic analysis of the three-dimensional inter-
connected pore structure. To achieve this goal, three major
obstacles need to be overcome. First, a reliable and accurate
technique for 3-D pore geometry analysis must be estab-
lished. Second, methodology and procedures for the descrip-
tion of the 3-D interconnected pore structure must be estab-
lished. Finally, based on this description the last task will
be to develop the relationship between the effective trans-
port parameters and the microscopic properties of the pore
structure. Of course, model verification is an essential step
to confirm any simulation work.

3. 3-D pore geometry analysis by X-ray
microtomography

The microstructure and the connectivity of the pore space
are important to describe fluid flow in filter cake during fine
particle filtration. In this regard, characterization of pore
structure based on parameters permitting inferences on the
fluid balance is of particular interest. The pore structure has
to be described by parameters which are of special relevance
for the interpretation of fluid transport phenomena. These
parameters should be based on directly measured variables
of the pore system and not indirect variables (such as those
determined empirically from transport processes) valid only
for a particular pore structure. In this way fundamental re-
lationships between pore structure and fluid transport at the
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Fig. 2. Schematic diagram of the cone-beam X-ray microtomography
system.

microstructure level can be described. In this regard, it is
intended to directly measure the three-dimensional intercon-
nected pore structure of the filter cake.

3.1. High resolution X-ray microtomography

Cone-beam X-ray microtomography [12,13] offers
a unique imaging capability which can produce three-
dimensional images of the internal structure of samples with
micrometer resolution. Rather than rotating the X-ray source
and detectors during data collection, as in medical CT tech-
nology, the specimen is rotated. Instead of generating a se-
ries of two-dimensional sliced images from one-dimensional
projections, a three-dimensional reconstruction image
array is created directly from two-dimensional projections.
Fig. 2 shows a schematic diagram for the cone beam ge-
ometry micro-CT system. Details for the description of
this micro-CT system and its corresponding reconstruction
algorithm can be found in the literature [12].

3.2. Sample preparation

To evaluate the effectiveness of the high-resolution
3-D X-ray microtomographic measurement of complex
filter cake pore structures, an appropriate specimen was
prepared for CT analysis. First, particles, with a size of
210mm×150mm in the density range from 2.65 to 5.0 g/cc,
were randomly dispersed in epoxy resin, settled to the bot-
tom and molded into a 7 mm diameter specimen. Then,
the specimen was scanned using a cone beam microCT
at the University of Michigan. Scanning a specimen takes
about 20 min. Full three-dimensional reconstruction re-
quires about 2 h. The reconstruction region of this sample is
about 7 mm×7 mm×7 mm. The reconstruction set consists
of 411×383×413 points or voxels (volume elements). Thus
the voxel size is a cube with sides of 17mm. Fig. 3 illus-
trates the co-ordinate system and three slices from different
levels of the volume data set for the filter cake specimen.

Fig. 3. Coordinate system for the filter cake specimen.

3.3. Pre-processing 3-D cone beam data

The spatial boundary between the pore and the parti-
cles can be easily established due to the large difference
in densities. Threshold techniques can be used to differen-
tiate and classify the original 3-D density data in order to
have higher quality data. In this regard, the 3-D CT data
were pre-processed, as shown in Fig. 4, to facilitate the
pore geometry analysis. The pre-processing steps are de-
scribed as follow: (1) cut the 3-D digital data set with the
size of 256×64×256 from original cone beam data (dimen-
sion 411×383×413), (2) threshold the data to obtain binary
particle image, and (3) invert the data to obtain binary pore

Fig. 4. Pre-processing the cone beam data to extract pore features.
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Fig. 5. Schematic diagram for visualization of pore structure from original
cone beam 3-D data.

image. Fig. 5 shows the schematic diagram for the construc-
tion of the volumetric visualization of pore geometry from
the original cone beam data set.

3.4. Volumetric image analysis of pore geometry

Most of the techniques available today for digital image
analysis are designed for two-dimensional images. Recent
advances in computer technology have made the handling
of large data sets feasible. Computers with fast computation
speeds and sufficient internal memory is required for the pro-
cessing of 3-D data sets. The major difference between the
analysis of two- and three-dimensional images concerns the
aspect on topology. For instance, in 2-D, the algorithm for
delineating the object boundary can be easily implemented
based on a ‘right-hand-on-wall’ strategy in which we walk
around the object so that the interior always remains to the
right until we reach the starting point again. However, in
3-D, the boundary is defined by a surface. There is no ob-
vious strategy for tracing a surface. The following sections
discuss some of the basic methods for pore geometry anal-
ysis of the volumetric filter cake images.

3.4.1. Porosity, specific surface area, and tortuosity
Porosity, the simplest property of a porous system, is de-

fined as the volume fraction of pores. Specific surface area
is defined as the ratio of the surface area of the pores to the
bulk volume of the porous medium. The third property, tor-
tuosity, of a porous medium is usually defined as the ratio
of the true length of the flow path of a fluid element to the
straight-line distance, i.e. the thickness of the filter cake in
our case. As mentioned previously in the section of classi-
cal filtration theory, the porosity can be used to predict the

Fig. 6. Surface porosity versus height of filter cake.

permeability defined in Darcy’s law as shown in Eq. (12).
Porosity, specific surface area and tortuosity of a porous
medium, can be used to predict the relative permeability and
capillary pressure from pore-scale network modelling.

Quantitative information on porosity and specific surface
area of a filter cake can be easily determined from the
pre-process binary 3-D data set of the complexed pore struc-
ture. The porosity can be measured as the counts of pore
voxel (white as shown in Fig. 4) divided by total voxels
of the 3-D data set. The specific surface area can be deter-
mined as the total number of pore and particle adjacent vox-
els divided by the total voxel volume. In our case, the total
volume and surface area of pore space were determined as
5.4339 mm3 and 190.4512 mm2, respectively, based on the
size length of each voxel as 17mm. The hydraulic radius
obtained from the filter cake was 0.02853 mm. The porosity
obtained from the filter cake specimen was 27.7%.

Based on the binary 3-D data set of pore space, the surface
porosity can be determined along the depth of the filter cake.
The surface porosity is defined as the ratio between void
area and the total area of each cross section. The surface
porosity with respect to the cake depth is shown in Fig.
6. The surface porosity behavior is similar to the results
presented by Brakel and Heertjes [14].

3.4.2. Determination of pore body, pore throats and pore
size distribution

Although we can directly access the 3-D pore structure of
the porous media with the use of X-ray microtomography, a
fundamental difficulty is how to describe the pore structure.
In general, the range of pore sizes is very great in most
porous media and the geometrical properties of the void
system are not easy to define. See Fig. 4. Thus, there is a need
for the development of an overall concept for the description
of the pore structure. In this regard, it is necessary to develop
a capillary network from the 3-D digital map obtained from
X-ray microtomography.

Connectivity is an important concept when flow problems
are considered. Fluid flow can occur between two points
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Fig. 7. Surface rendered image of the well connected pore network from
subset (64×64×64) of 3-D data set obtained from X-ray microtomography.

only when the pore space is connected. The 3-D intercon-
nected pore structure is difficult to determine by stacking
of 2-D thin slices. In addition, to characterize the 3-D inter-
connected pore structure, the term ‘pore size’ is not easily
defined. These open or interconnected pores can not be sim-
ply regarded as discrete pseudo-particles. Several 2-D image
processing techniques can be extended to 3-D to character-
ize the 3-D interconnected pore structure and identify fea-
tures such as pore body or pore throat. The most important
algorithms for 3-D interconnected pore geometry analysis
involve connection of components, erosion, dilation, and
skeletonization. Connection of components is critical to
determine if a particulate feature of pore space is connected
or not. Erosion, dilation and skeletonization operations can
be used to process and analyze the pore bodies and throats,
pore size distribution and interconnected pore structure.

The main concern in volumetric image analysis is the ca-
pacity of computer memory. An effective algorithm will be
needed such that analysis of the volumetric image can be
done sequentially, layer by layer for a huge 3-D digital data
set. In this regard, a connection of components algorithm
based on the approach by Hoshen and Kopelman [15] was
implemented. Although the binary image of the pore space
shown in Fig. 4 is not connected, analysis from 3-D con-
nection of components indicates that more than 99% of the
pore space belongs to a well connected pore system. Surface
rendering of a subset (64×64×64) of this well connected
pore network is shown (Fig. 7).

Pore bodies and throats can be obtained with the use of
successive morphological operations, erosion and dilation,
as described for 2-D [16] and 3-D [17] images. Erosions peel
away the outer layer of voxels from the 3-D pore volumes
while dilations replace the outer layer. As shown in Fig. 8,
for two different sizes of pores, small pores are completely
eliminated after two successive erosions without leaving a
‘seed’ voxel to restore on subsequent dilation. In this manner,
the difference of images A and C (A–C) shows the % loss

Fig. 8. Schematic representation of pore size measurement using succes-
sive erosion/dilation stages.

of pore which is exactly the percent of micropores (number
of voxels eroded) in this case.

If two pore volumes are connected by a narrow throat,
erosion will break the connections and dilation will restore
the pore volume but not re-establish the connection, resulting
in a increase in the number of pores and a reduction in
average pore size as shown in Fig. 9.

Fig. 10 shows three adjacent slices from the 3-D
cone-beam microtomography data for the filter cake spec-
imen converted to a binary image at a voxel intensity
threshold level of 23. In this figure the images show the
binary porosity (white) following zero, one, and two stages
of erosion/dilation (E/D). The small pores or pore throats
disappear in successive images with increasing E/D stages
until only the large isolated pores remain. Some of these
connections which survive the first stage of E/D are shown
in the middle column in Fig. 10. In this manner, the largest
pore found expressed as a fraction of the total porosity is
plotted versus the number of E/D stages [17] as shown in
Fig. 11. The original pore structure (no E/D operation) of
this filter cake sample has a well-developed pore connec-
tivity. The largest pore found had more than 99% of the

Fig. 9. Schematic representation of estimation of pore body and throat
using successive erosion/dilation stages.
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Fig. 10. Three adjacent (14, 15, 16) binary slices of filter cake cone beam
micro-tomographic data at a voxel intensity threshold of 23 following
zero, one and two successive stages of erosion/dilation (E/D).

total porosity. After one stage of E/D operation, this sample
still exhibits of high degree of connectivity implying that
the average pore throats approximate two or more voxel di-
mensions of 17mm size per voxel for the filter cake sample.
After two stages of E/D much of the pore connectivity has
been broken for this sample and the results start to approach
the isolated pore state shown by the results of Fig. 10. Fig.
12 illustrates the spatial distribution of these isolated pores
after two stages of E/D. The pore size distribution based on
the equivalent spherical diameter of these isolated pores is
shown in Fig. 13.

Since the capillary network will be used to mimic the real
filter cake, skeletonization or medial axis techniques [18]
should be suitable to build the necessary network and to in-

Fig. 11. Largest pore size expressed as a fraction of the total porosity
plotted versus number of successive stages of E/D for the filter cake
sample.

Fig. 12. 3-D view of spatial distribution isolated pores after two stages
of E/D.

terpret the linked pore space from the microCT 3-D digital
map. Originally, skeletonization (in a plane) denotes a pro-
cess which transforms a 2-D object into a 1-D graph-like
structure, comparable to a stick figure. It is, thereby, essen-
tial that the skeleton retains the original connectivity of the
shape. Unfortunately, for 3-D objects, there are two different
types of skeleton: the medial surface and the medial axis.
For instance, the medial surface will be generated using a
skeletonization process of a slab object. The skeletonization
process provides both the radius information and structure
of the object space. This information of 3-D interconnected
pore space provides a tool to describe important properties
of the completed pore structure and can be used for the
capillary network simulation by percolation theory. Several
approaches, topological thinning [19–22], distance transfor-
mation (DT) [23,24], discrete Voronoi skeletons (DVS) [25],
and marching core [26], can be used for algorithm develop-
ment of the 3-D skeletonization process. The corresponding
length and radius of the skeleton segments from the network
graph can be used as attributes of the capillary tubes for the

Fig. 13. Pore size distribution after two stages of E/D.



86 C.L. Lin, J.D. Miller / Chemical Engineering Journal 77 (2000) 79–86

3-D interconnected pore structure. Furthermore, this infor-
mation can be used to more accurately represent probabil-
ities for the capillary network simulation using percolation
theory. Details of the development of 3-D skeletonization
and percolation theory will be discussed in a separate con-
tribution.

4. Summary

In order to gain a better understanding of the complex
transport phenomena that occur in a filter cake, study of
the effect of three-dimensional pore geometry on the effec-
tive transport properties in the filter cake is necessary. Algo-
rithms for the processing of 3-D volumetric images to de-
termine the detailed 3-D interconnected pore structure from
X-ray microtomography measurements were presented. Pore
size measurements on 3-D cone beam X-ray microtomo-
graphic data using successive stages of erosion/dilation has
revealed information about the connectivity of the filter cake
pore structure and allowed for the estimation of pore throat
sizes. Most of the pore throat sizes in this particular sample
were found to be less than 34mm. A skeletonization process
should provide for better understanding of the pore struc-
ture and allow for the interpretation of the interconnectiv-
ity. Finally, the capillary network and percolation process
should provide the basis for a predictive model to correlate
of transport properties of porous media at various scales.
Knowledge of multiphase flow in porous media as will be
obtained from such a model should provide important infor-
mation for practical applications in the design of improved
filtration processes.
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